CMC HYPERSURFACES ON RIEMANNIAN AND SEMI-RIEMANNIAN 

MANIFOLDS 

OSCAR M. PERDOMO 

' Abstract. In this paper we generalize the explicit formulas for cmc immersion given in |14| and |15| 

o 



of hypersurfaces of Euclidean spaces, spheres and hyperbolic spaces to provide explicit examples of 
several families of immersions with constant mean curvature and non constant principal curvatures, 
in semi-riemannian manifolds with constant sectional curvature. In particular, we prove that every 
^ h £ [—1, — "^^2^^ ) can be realized as the constant curvature of a complete immersion of S"~^ x R 

in the (n + l)-dimensional de Sitter space S"^^. We provide 3 types of immersions with cmc in the 
Minkowski space, 5 types of immersion with cmc in the de Sitter space and 5 types of immersion 
CO ' with cmc in the anti de Sitter space. At the end of the paper we analyze the families of examples 

that can be extended to closed hypersurfaces. 



q 

^ . 1. Introduction and preliminaries 



For any non negative integer k < n + 2, we will denote by R^"*"^ the space R""'"^ endowed with the 
metric 



■ {v, w) = -ViWi VkWk + Vk+lWk+1 H h Vn+2Wn+2 

00 ■ 

0> ■ We also define 

O: Sl^' = {xeKl^':{x,x) = l} 

O 



and when A; > 1, 

H^+J = {xeR^+2:(x,x) = -l} 

with the metric induced by R^^^- Notice that Hg, Sg and Rg are the n-dimensional hyperbolic 
space, sphere and the Euclidean space respectively. 

In this paper we will modify the explicit formulas for cmc hypersurfaces of the Euclidean space, 
spheres and hyperbolic spaces given in [l^ and [E] to provide explicit formulas for cmc hypersurfaces 
in R^"*"^, H^"*"^ and S^"*"^. Several of these examples are well known. The references at the end 
provide part of the history and context of the given examples. Since several of the examples in semi 
riemannian manifold are given by the same ODE as in the riemannian case, for these examples, the 
nice geometric interpretations given by Sterling in |18| hold also true. The author has been informed 
that Professor Bingye Wu has classified all (space like) hypersurfaces in (Lorentzian) space forms 
with constant generalized m-th curvature and two distinct principal curvatures. 
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2. CMC HYPERSURFACES 

Let us start with three basic observations that will be used in all the examples. 

Lemma 2.1. Let g : {a,b) ^ 'R, be a smooth positive function, h any real number, c a non zero real 
number and n an integer greater than 1. // 

\ = h + g~^, fi = h — {n — l)g~"' and r = 
then, 

{n — l)X + fi = nh and {r X)' = fir' 
Proof. First notice that A — /x = ng~^. Then 

A' = -n5-"^ = -(A-^)- 
g r 

The equation above implies the lemma □ 

Lemma 2.2. Let q : [a, oo) —>■ H be a smooth function such that q{a) = 0, lim(„»oo = e > 0, 
q'{a) > and q{t) > for all t > a. If 

F : [a, oo) — > R is given by F{t) = / — dr 

J a Vg(r) 

then, F{t) is a well-defined, strictly increasing function and limt^ao F{t) = oo. Moreover, if G : 
[0, oo) — > [a, oo) is the inverse function of F, then, g : (—00,00) — > [a, 00) given by 

g[t) = G{t) if t>0 and g{t) = G{-t) if t < 
is a solution of the ordinary differential equation {g' it))'^ = q{g{t)). 

Proof. In order to prove that the limit when t — > 00 of F{t) is infinity it is enough to compare 
F{t) with log(t) = JI '^^'^'^ ^o'^ ^'S positive values of t. A direct verification proves the rest of the 
lemma. □ 

Lemma 2.3. Let g : [a, 6] ^ R 6e a smooth function such that q{a) = = q{b), q'{a) > 0, q'{h) < 
and q{t) > for all a < t < b. If 

/■* 1 

F : [a,6] — > R is given by F(t) = / — dr 

J a Vg(r) 

then, F{t) is a well-defined strictly increasing function and liuit^i, F{t) = ^ < 00. Moreover, if 
G : [0, |] ^ [o, b] is the inverse function of F, then, the T-periodic function g : (—00,00) — > [a,b] 
that satisfies 

g{t) = G{t) i/ 0<t<| and g{t) = G{-t) if -^<t<0 
is a solution of the ordinary differential equation {g'{t))'^ = q{g{t)). 
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2.1. CMC hypersurfaces in . Let us start this section by considering the following differ- 
ential equations 

(2.1) {9'{t)f = qi{9{t)) where qi{t) = c - + t\h + t'^f 
and 

(2.2) {g'(t))^ =p^(g(t)) where pi{t) = c - - t^h + r^f 
where c is a constant. 

Theorem 2.4. Let c be a positive constant and let g : (01,02) — > R 6e a non constant solution of 
112. 1]} such that g{t) > y^. For any pair of integers k and n such that n > 2 and 1 < k < n, if we 
define 

X = h + g-'', = h - {n - l)g-'' r = and 0{t) = T 44r^^^ 

VC Jo r{Ty - 1 

and 

SlZl = S^+^ n fC_i where R^_i = {x e R^+^ : Xk = Xk+i = 0} 

B2{t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) and 83(1) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0) 
then, the map <f) : S^_i x (01,02) — > ^k~^^ given by 

(Piy, u) = r{u) y + ^/r^u) - 1 B2ieiu)) 
defines a hypersurface with constant mean curvature h. 

Proof. A direct computation shows the following identities, 

(r')^ — r^A^ = 1 — r^, and Ar' + rX' = fir' 

Notice that 

{y,y) = l, {B2,B2) = -l, (53,^3) = 1, {B2,B3) = 0, = ^^^3 

— 1 

A direct verification shows that ((/>, (p) = I and that 

dd) , rr' „ r\ „ 
^ = r'y+ B2 + ^ ^3 

satisfies ^) = 1. We have that the tangent space of the immersion at (/>(y,t) is given by 

T4,(y,u) = + ^ • ^ ^ ^^-1' y) = and s G R} 
A direct verification shows that the map 
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^ A „ r' ^ 

V = —rX y -j^=^= B2 -j^=^= -03 

Vr^ — 1 vr^ — 1 

satisfies that (i^, v) = —1, (;/, = and, for any v G Rfc_i with (v, y) = 0, we have that (i^, f) = 0. 
It then follows that is a Gauss map of the immersion (f). The fact that the immersion (j) has 
constant mean curvature h follows because, for any unit vector v in R/;_i perpendicular to y, we 
have that 

j3{t) = r cosh(t) y+r sinh(t) v+\/ r"^ — IB2 = 0(cosh(t)y+sinh(t)f , in the case that {v,v) = —1 
and 

= r cos(i) y + r sin(i) v + \/ r"^ — 1 B2 = 0(cos(t)y + sm{t)v, u) in the case that {v, v) = \ 
satisfies that /3(0) = (j){y,u), (3'{0) = rv and 



dt 



= di'{rv) = —rX \ 



Therefore, A is a principal curvature with multiplicity n — 1. Now, since = for every 

V G T^(y^u) ^ Rfc-i) have that ^ defines a principal direction, i.e. we must have that ^ is a 
multiple of A direct verification using the lemma (|2.ip shows that, 

( — , y) = —A' r — Xr' = — //r' = —{nh — {n — l)A)r' 
We also have that (f^,y) = r\ therefore, since r is not constant, we obtain that 

du d(p d<j) / , . ^\^\^^ 

TT = ^^(ir ) = = -inh- [n- 1)A) — 

ou ou ou ou 

It follows that the other principal curvature is nh — (n — 1)A. Therefore, (p defines an immersion 
with constant mean curvature h, this proves the theorem. 

□ 



Theorem 2.5. With the same notation as in the previous theorem, if ro > 1 is any constant, then 
the map (j) : Sf,_i x R — > S^"^^ given by 



Hy,t) =roy + ^r^-lB2{t) 
defines a complete hypersurface with constant mean curvature 



ro ^ (n - 1) y/r^ - 1 



n 



In the case k = 1, these examples are known as hyperbolic cylinder in the de Sitter space S""*"^ and 

they provide space like complete hypt 
when n > 2 and (1, 00) when n = 2. 



they provide space like complete hypersurfaces with constant mean curvature values in [ ^^" ''' ,00) 
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Theorem 2.6. Let c be a negative constant and let g : (01,02) — > R 6e a positive non constant 
solution of /i2. For any pair of integers k and n such that n >2 and I < k < n, if we define 



A = /i + 5-", ^ = /i- (n- and r = d{t) = T li^^dr 



and 



Hfc_J = H^+J n where R^ = {x G R^+^ : x^+i = x„+2 = 0} 



B2[t) = (0, . . . , 0, cos(t), sm(t)) and B-sit) = (0, . . . , 0, - sin(t), cos(t)) 



n-l 



then, the map (j) : H^_^ x (01,02) — > S^"*"^ given by 



(p{y, u) = r{u) y + y^r'^iu) + I B2{e{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. A direct computation shows the following identities, 

(r')^ — r^A^ = — 1 — r^, and Xr' + r\' = fir' 

Notice that 



{y,y) = -l, {B2,B2) = 1, (^3,53) = !, (52,53)=0, 5^ = -^^^3 



rX 

r2 + l 

A direct verification shows that {(j), 0) = 1 and that 



jf = r'y + -^== B2 + -^^== B3 
ou Vr^ + 1 y/r^ + 1 

satisfies ^) = 1. We have that the tangent space of the immersion at (t){y,t) is given by 

T^{y,u) = {v + s—: V e'R^l, {v,y) =0 and s e R} 
A direct verification shows that the map 

^2 ^ ^/ 

I, = -rX y -B2 , „ ^ ^3 

satisfies that (z/, u) = —1, (z/, = and, for any v S Rfc_i with (u, y) = 0, we have that {u, v) = 0. 
It then follows that is a Gauss map of the immersion cj). The fact that the immersion (p has 
constant mean curvature h follows because, for any unit vector v in Rfc_i perpendicular to y, we 
have that 



P{t) = r cosh(t) y+r sinh(t) v+\/ r"^ + IB2 = (?l)(cosh(t)y+sinh(t)f , n) in the case that {v^v) = 1 
and 
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P{t) = r cos{t) y + r sin(t) v + vr^ + l B2 = </>(cos(t)y + sin(t)f , u) in the case that {v, : 
satisfies that /3(0) = (j){y,u), (3'{0) = rv and 



dt 



= dv{rv) = —rX \ 



Therefore, A is a principal curvature with multiphcity n — 1. Now, since (f^,i') = for every 
V G T^(y^u) 1^ R-fc-i) have that ^ defines a principal direction, i.e. we must have that ^ is a 
multiple of A direct verification using the lemma (|2.ip shows that, 

dv 

(— — , y) = —A' r — \r' = —fi r' = —inh — in — l)A)r' 
ou 

We also have that = r' , therefore, since r is not constant, we obtain that 

It follows that the other principal curvature is n/i — (n — 1) A. Therefore (p defines an immersion 
with constant mean curvature /i, this proves the theorem. 

□ 



Theorem 2.7. With the same notation as in the previous theorem, if tq is any constant, then, the 
map (j) : H^..^ x R ^ ^k^^ given by 



4>{y,t) =roy + yJr^ + lB2{t) 
defines a complete hypersurface with constant mean curvature 



ro ^ {n- 1) Vrf+T 



n 



\Jrl + 1 raro 



These examples provide complete space like hypersurfaces with constant mean curvature values in 
(1,00). 

Theorem 2.8. Let c be a positive constant and let g : (01,02) ^ R 6e a non constant positive 
solution of \2. 1\) such that g{t) < ^/c. For any pair of integers k and n such that n > 2 and 
1 < k < n, if we define 

X = h + g-'', ^ = /i-(n-l)g-" and r = 0ft) = I^ij^^^dr 

Vc Jo l-r(r)^ 

and 

SlZl = S^+^ n R^_i where R^.^ = {x € R^+^ : Xk = Xk+i = 0} 



^2(0 = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0) and B3{t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) 
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then, the map (j) : S^_x x (01,02) ^k^^ given by 



(j)iy, u) = r{u) y + ^l-r^{u) B2{e{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. A direct computation shows the following identities, 

(r')^ — r^A^ = 1 — r^, and Xr' + rX' = /ir' 

Notice that 

{y,y) = l, {B2,B2) = l, (53,53) = -!, {B2,B3) = 0, 5^ = -^^3 

1 — 



A direct verification shows that {(j), (j)) = I and that 



d(j) , rr' rX 



-^=r'y ^ B2 + , B 



3 



satisfies (^, ^) = 1. We have that the tangent space of the immersion at 4>{y,t) is given by 

T4,{y,u) = "L^^ + ^ ■ ^ ^ -^^-1' 2/) = and s G R} 
A direct verification shows that the map 

V = —rX y H — 1^=^= B2 -j^=^= B^ 

satisfies that {u, v) = —1, (i/, ^) = and, for any v € Rfc_i with (-y, y) = 0, we have that (i^, v) = 0. 
It then follows that is a Gauss map of the immersion (j). The fact that the immersion (j) has 
constant mean curvature h follows because, for any unit vector v in Rfc_i perpendicular to y, we 
have that 



(5{t) = r cosh(t) y+r sinh(i) v+\/ 1 — r"^ B2 = 4>{cosh.{t)y+smh{t)v,u) in the case that {v^v) 
and 



/?(i) = r cos{t) y + r sin(i) v + \/ 1 — r"^ B2 = 0(cos(t)y + sin(i)i), u) in the case that {v, v) = I 
satisfies that /9(0) = (j){y,u), /3'(0) = ru and 

diyiPit)) 



dt 



\t-- 



= dv{rv) = —rX 



V 



Therefore, A is a principal curvature with multiplicity n — 1. Now, since {^,v) = for every 
.1, we have that ^ defines a principal direction, i.e. we must have that ^ is a 
multiple of 1^. A direct verification using the lemma (|2.ip shows that, 
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(— , y) = —A' r — Xr' = —fi r' = —{nH — (n — l)A)r' 
We also have that = r' , therefore, since r is not constant, we obtain that 

It follows that the other principal curvature is nH — (n — 1)A. Therefore defines an immersion 
with constant mean curvature H, this proves the theorem. 

□ 

Theorem 2.9. Let c be a positive constant and let g : (01,02) — > R 6e a non constant positive 
solution of 12. S^) such that g{t) < ^/c. For any pair of integers k and n such that n > 2 and 
< k < n, if we define 



\ = h + g-'', /i = /i- (n- 1)5-" and r = 0(t) = [ 

Vc Jo '^-r 



and 



{rf 



^ = S^+^ n Rfc where = {x ^ R^"^^ : Xn+i = Xn+2 = 0} 



B2{t) = (0, . . . , 0, cos(t), sin(t)) and B-i{t) = (0, . . . , 0, - sin(t), cos(t)) 
then, the map 4>'-^1 ^ x (01,02) — > S^"*"^ given by 



(p{y, u) = r{u) y + y/l- r'^{u) B2{6{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 



/ /\2 I 2\2 1 2 

(r) +rA =1 — r 

and 



{y,y) = l, (52,^2) = 1, {B3,B3) = 1 and {u,u) = l 

where, 



j,2 ^ J,/ 
u = -rX y + , B2 + , B-i 



□ 
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2.2. CMC hypersurfaces in H^"*"^. Let us start this section by considering the following differ- 
ential equations 



(2.3) {g'{t)f = q^{g{t)) where q2{t) = c + + t\h + T'^f 
and 

(2.4) {g'{t)f =p^{g(t)) where pi{t) = c + - t\h + T^f 
where c is a constant. 

Theorem 2.10. Let c he a positive constant and let g : (ai,a2) — > R 6e a non constant positive 
solution of 112. 3\} . For any pair of integers k and n such that n>2 and 2 < k < n, if we define 

X = h + g-'', ^ = h - {n - l)g-'' and r = 4= 0{t) = T 44r^t^-^ 

VC Jo f{Ty + 1 

and 

S^:J = S^+inRfc where R^_^ = {x G . xi = X2 = 0} 

B2{t) = (cos(t), sin(t), 0, . . . , 0) and B-sit) = (- sin(t), cos(i), 0, . . . , 0) 



~n-l 



then, the map (j) : Sj!_2 x (01,02) — > S^"*"^ given by 



(p{y, u) = r{u) y + ^/l + r^{u) B2{e{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

/ /\2 2\2 1 I 2 

[r ) — r X = 1 + r 

and 

{y,y) = l, (52,-62) = -!, (^3,53) = -! and {1^,1^) = -I 

where, 



j,2 ^ r' 
V = —rX y , B2 , B'i 



□ 
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Theorem 2.11. Let c be a negative constant and let g : (01,02) — > R 6e a non constant positive 
solution of l£.3\) such that g{t) < \J —c. For any pair of integers k and n such that n > 2 and 
2 < k < n, if we define 

A = /i + 5-", ^ = /i- (n- 1)5-" and r = ^= 9{t) = [' P^^^^^^dr 

and 



i-r{Ty 



H^_2 = flk-i ^ ^fc-i where Rfc„i = {x G R^+^ : Xk = x^+i = 0} 



B2{t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) and Bs{t) = (0, . . . , 0, smh(t), cosh(t), 0, . . . , 0) 
then, the map <f) : H^_2 x (01,02) — > H^]*^! given by 

(Piy, u) = r{u) y + y/l-r^{u) B2{e{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

(r) — r X = — 1 + r 

and 

(y,y) = -l, (S2,52) = -l, {B-i,B^i) = l and = -I 

where, 

^2 r' 

V = —rX y H -j^=^= B2 -j^=^= 

V 1 — vl — 



□ 



Theorem 2.12. With the same notation as in the Theorem 112. «/— 1 < tq < 1 is any 



non zero 



71-1 



constant, then the map (p : flk-2 x R ^ ^fc-i en by 



4>[y,t)=rQy+^l-rlB2{t) 
defines a complete hypersurface with constant mean curvature 



ro ^ (n - 1) ^1 - 



n 



In the case k = 2, these examples are part of the examples known as hyperbolic cylinder in the anti 
de Sitter space H""*"^ . 
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Theorem 2.13. Let c be a negative constant and let g : (01,02) — > R 6e a non constant positive 
solution of l£.3\) such that g{t) > \J —c. For any pair of integers k and n such that n > 2 and 
2 < k < n, if we define 

X = h + g-'\ = h - (n - l)g-'' and r = ^= = T 44r^c^-r 

V-c Jo r{Ty - 1 

and 

HfelJ = H^^l n Rfc_i where R^^i = {x £ R^+2 . ^ ^^^^ ^ g} 



B2{t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0) and B^it) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) 
then the map 4> : fl^-l ^ {C'i:0,2) ^k-i 5^^^^ 

(t){y, u) = r{u) y + r'^{u) - 1 B2{9{u)) 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

/ l\2 2\2 1 I 2 

(rj — r \ = — 1 + r 

and 

(y,y) = -l, (B2,S2) = 1, (B3,B3) = -1 and = -I 

where, 

r2 A r' 

V = — r A y 1^=^= B2 -j^=^= i?3 

V?'^ — 1 vr^ — 1 



□ 



Remark 2.14. When k = 2, the previous theorem provides a family of space like hypersurfaces in 
the anti de Sitter space, it is surprising that when we make r = rg constant, we do not obtain space 
like hypersurfaces but Lorentzian. 

Theorem 2.15. With the same notation as in Theorem ^2.13\) . if r^, with Tq > 1, is any constant, 
then the map (p '■ il^-2 x R — > H^]^| given by 



^{y,t)=roy+^Jr^-lB2{t) 
nes a cmc hypersurface with constant mean curvature 



ro ^ {n- 1) V^o - 1 



n 



Vr'o - 1 
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Theorem 2.16. Let c be a negative constant and let g : (01,02) — > R 6e a non constant positive 
solution of ^£.4\ ) such that g{t) > \J —c. For any pair of integers k and n such that n > 2 and 
1 < k < n, if we define 

\ = h + g-'\ /i = /i-(n-l)5-" and r = ^= ^(t) = T ^^TT^^^ 



rirr - 1 
and 

HfcZj = H^+J n where R^ = {x £ R^+2 . ^^^^ ^ ^^^^ ^ q} 
B2it) = (0, . . . , 0, cos(t), sin(t)) and B-sit) = (0, . . . , 0, - sin(t), cos(t)) 



then, the map (f> : H^,„i x (01,02) — > H^-l given by 



(p{y, u) = r{u) y + \/r2(u) - 1 B2{9{u)) 
mes a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

f /\2 I 2\2 2 1 

(r) +rA =r — 1 

and 

{y,y) = -l, {B2,B2) = l, {B3,B3) = 1 and {1^,1^) = I 

where, 

^2 ^ ^/ 

= —rX y j^=^= B2 H — -j^=^= B^ 

Vr^ — 1 vr^ — 1 



□ 



Theorem 2.17. Let c be a positive constant and let g : (01,02) — > R 6e a non constant positive 
solution of ^2-41 ) For any pair of integers k and n such that n > 2 and 1 < k < n, if we define 

.(r)A(r)_^^ 



\ = h + g-'', /X = /i- (n- 1)5-" and r = 0{t) = 

Jo 



r(r)2 + 1 



and 

SfcZi = S^+^ n R),'_i where R^.i = {x G R^+^ : Xk = Xk+i = 0} 

B2{t) = (0, . . . , 0, cosh(t), smh(t), 0, . . . , 0) and B^^t) = (0, . . . , 0, smh(t), cosh(t), 0, . . . , 0) 
then, the map (j) : S^_j x (01,02) — > H^^i ^^wen by 



(p{y, u) = r{u) y + ^/r'^{u) + lB2{e{u)) 
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defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

t l\2 , 2 \ 2 2,1 

[r ) + r A = r +1 

and 

(y,y) = l, (^2,52) = -!, (^3,^3) = ! and {u,u) = l 

where, 

V = —r\ y , Bo H , B-^ 

□ 

2.3. CMC hypersurfaces in R^"*"^. Let us start this section by considering the following differ- 
ential equations 

(2.5) (g'{t)f = q,{g{t)) where q^{t) = c + t\h + f-'^f 
and 

(2.6) (g'{t)f =p^(g(t)) where p.,(t) = c - t\h + t-^f 
where c is a non zero constant. 

Theorem 2.18. Let c be a positive constant and let g : (01,02) — > R 6e a non constant positive 
solution of \2. 6]) . For any pair of integers k and n such that n>2 and < k < n, if we define 



A = /i + 5-", ^ = /i - (n - 1)5-" and r = 4= R{t) = r(r)A(r)dr 

Vc Jo 

and 

Sl~'^ = Sfc n Rfc where R^ = {x G R^+^ : Xn+i = 0} 



i32 = (0,...,0,l) 

then, the map </> : x (01,02) Rfc"^^ given by 



(t){y, u) = r{u) y + R{u) B2 
defines a hypersurface with constant mean curvature h. 
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Proof. The proof follows the same arguments as before. In this case 

(r')2 + r^A^ = 1 

and 

(y,y) = l, (^2,-62) = !, and {u,u) = l 

where, 

v = —rX y + r' B2 

□ 

Theorem 2.19. Let c he a positive constant and let g : (01,02) — > R 6e a non constant positive 
solution of /i2. 6\) . For any pair of integers k and n such that n >2 and 2 < k < n, if we define 



A = /i + 5-", ^ = /i - (n - 1)5-" and r = R{t) = [ r(r)A(r)dr 

vc Jo 

and 

HfcZa = Hfc_i n Rfc_i where R^.^ = {x G R^+^ : xi = 0} 



B2 = (l,0,...,0) 
then, the map (j) : H^_2 x (01,02) I^fc"*"^ ^iwen 6y 



(?!)(y, u) = r{u) y + R{u) B2 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

(r')2 + r2A2 = l 

and 

(2/,y) = -l, {B2,B2) = -l and = -I 

where, 

u = —rX y + r' B2 



□ 
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Theorem 2.20. Let c he a positive constant and let g : (01,02) — > R 6e a non constant positive 
solution of /i2. 5\) . For any pair of integers k and n such that n >2 and I < k < n, if we define 



and 



A = /i + 5-", ^ = /i - (n - 1)5-" and r = R{t) = [ r(r)A(r)dr 

vc Jo 



SlJ^ = Si n R^_i where r"_i = {x £ R^+^ : xi = 0} 



B2 = (1,0,..., 0) 



then, the map <f) : S^_l x (01,02) — > R^"*"^ given by 



4>{y, u) = r{u) y + R{u) B2 
defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

(rf - r^X^ = 1 

and 

{y,y) = l, {B2,B2) = -l and = -1 

where, 



v = —rX y — r' B2 



□ 



Remark 2.21. For k = 1, the examples above give space like immersion in the Minkowski space. 
None of these examples is complete. 

Theorem 2.22. Let c be a negative constant and let g : (01,02) R be a non constant positive 
solution of 112. 5]) . For any pair of integers k and n such that n >2 and I < k < n, if we define 

,.f 

A = /i + 5-", = /i- (n- 1)5-" and r = ^= R{t) = r{T)X{T)dT 

V-c Jo 

and 

HfcZj = n Rfc"^ where Rr^ = {x G R^+i : x„+i = 0} 



S2 = (0,0,...,l) 



n-l 



then, the map (p : x (01,02) — > R^^^ given by 



(j){y, u) = r{u) y + R{u) B2 
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defines a hypersurface with constant mean curvature h. 

Proof. The proof follows the same arguments as before. In this case 

(r ) — r A = — 1 

and 

(y,y) = -l, {B2,B2) = l and = -1 

where, 

v = —rX y — r' B2 

□ 

Remark 2.23. For k = \, the examples above are space like cmc immersions in the Minkowski 
space. In the next section we will show that they are complete. 

3. Closed and complete examples. 

In this section we will analyze the completeness of the space-like examples and we will study if the 
semi riemannian examples can be extended to closed hyper surf aces. 

3.1. Closed and embedded examples with CMC in S^^^. 

Theorem 3.1. Let n > 3 be an integer. For any h E [— 1, — "^^^"^ ) there exist solutions of the 
equation 112. 1]) such that the immersions given in Theorem \2.4^ define closed immersions. For 
k = 1, these immersions define complete space like immersions in the de Sitter space. 

Proof. We will show the theorem by showing that there exist positive values of c such that the 
equation (|2.1I) has periodic solutions g(t) such that g{t) > ^/c. A direct verification shows that for 

values of /i in /i E (— 1, — ^^^'~^ ), the polynomial qi has exactly two positive critical points vq and 
vi with < vq < vi. The values for ^"0 and vi are 



_ 1 ,/i(n - 2) + V4 - 4n + h?rfi ^1 _i,h(n - 2) - V4 - 4n + h?n^ ^1 
vq = 2 " ( hP~l vi=2 "( h? - I 

It follows that the function qi is decreasing from to uq, increasing from vq to vi and decreasing 
from fi to cx). A direct computation shows that if qiiyi) = then 

n — 2 / 2 — 2n , 

c = ci = (2 - 2h^)— n ( - - 2) + V4 - 4n + h^n^)~{h^n - 2 - /iV4 - 4n + h?n'^) 

It is not difficult to show that ci is positive. Taking in consideration the intervals where the function 
qi is increasing and decreasing, we have that, for every c > ci close to ci the polynomial qi has 
exactly 3 positive roots ti{c) such that to(c) < ii(c) < f 1 < t2(c), and moreover, 

qiif) > for ti{c) < t < t2{c) and lim ti(c) = lim t2{c) = vi 

Notice that if the conditions above hold true, then, any solution g of the differential equation (|2.ip 
is periodic and satisfy that 
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ti(c) < g{t) < t2{c) for all t 

The expression (■^)^ reduces to 



2 + (-2 + /i2)n + /iV4 + n(-4 + /i2?i) 
2(-l + /i2)n 

and a direct computation shows that the expression above is greater than 1 for values of ft- G 
(— 1, — ^^"~^ ). Since > 1, there exists a positive e such that for all c € (ci,ci + e) we have 

that > 1. Therefore, for all these c we will have, using Lemma (|2.3p . that the solutions of the 
differential equation (|2.ip are periodic and satisfy that g{t) > ^/c and then, these functions will 
define closed immersions from S^~J x R in S^"*"^. When /c = 1, the completeness of the riemannian 
induced metric on S"^~^ x R easily follows using the fact that g is positive and periodic. When 
/i = — 1, a direct verification shows that, under this additional condition, the polynomial q\ satisfies 
that 

lim q\(t\ = c and lim gift) = oo 
and it only has one critical point vq given by. 



.n- 1 1 

^0 = 

n — 1 

Since the value of gi at this critical point is given by 



n — j, z — 

gi(^o) = c — Co where cq = n (n — 2) « (n — 1) " 

Therefore, if c S (0,co), the polynomial gi will have exactly two positive roots ti(c) and t2(c) with 
ti(c) < < t2(c). Since, 



^/co \Jn^ - 2n 

and limc_>co t2(c) = t^o we get that for values of c close to cq, t2(c) is greater than ^/c and therefore 
g{t) > -y/c for all t. In this case, using a small variation of Lemma (|2.2p . we get that the function 
g{t) can be extended as an even function to all real numbers. Notice that in this case, the function 
F defined in the proof Lemma (12. 2j) grows linearly instead of logarithmicaly. Since g{t) > ^/c, then, 
we obtain closed examples with h = —1. 

□ 

Remark 3.2. In the previous examples, along the geodesic given by the principal direction fi, as 
the arc length parameter u of this geodesic goes to infinity, the function A remains hounded when 
/i / — 1 and decays as n"" when h = —1. 

Theorem 3.3. For any h G (— oo, — 1) U (l,oo), there exist solutions of the equation ^2. 1\) such 
that the immersions given in Theorem i2.6\) define closed immersions. For k = 1, these immersions 
define complete space like immersions in the de Sitter space. When h £ {l,oo) the examples are 
embedded. 
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Proof. We will show the theorem by showing that there exist positive values of c such that the 
equation (|2.ip is defined in all real numbers bounded away from zero. A direct verification shows 
that for values of h in (—00, —1) U (l,oo), the polynomial qi has exactly one positive critical point 
vq given by, 

_l,h{n - 2) + V4 - 4n + h'^n'^ 1 

vo = 2 n( J^^—^ )n 

It follows that the function qi is decreasing from to vq and increasing from i;o to 00. A direct 
computation shows that, qi{vo) = c + cq where 



Co = (2/1^ - 2)^ n (/i(-2 + n) + yj^^l^^TT?^) " (/i^n - 2 + /i\/4 - 4n + h^n^) 

It is not difficult to show that cq is positive. Taking in consideration the intervals where the function 
qi is increasing and decreasing, we have that, for every c S (—00, — cq) the polynomial qi has exactly 
2 positive roots ti{c) such that ti(c) < vq < i2(c), and moreover. 



qi{t) > for t> t2{c) 

Using the lemma (12. 2p we get that for values of c in (— cx), — cq), any solution g of the differential 
equation (12. 1|) can be extended to the whole real line, and moreover g{t) > t2{c) > 0. Therefore, 
using these solutions in Theorem (|2.6p we obtain closed immersions of H^zl X R in S^+^ When 
k = 1, the completeness of the riemannian induced metric on H"~^ x R easily follows using the fact 
that g is bounded away from zero. 

□ 

We also can repeat the argument used in [14] to obtain the following theorem. 
Theorem 3.4. For any n > 2 and for any integer m > 1 and h between the numbers 

{m^ - 2) 

cot — ana ^ 

m n\/m? - 1 

there are examples of the type i2.S^) that represent embedded hypersurfaces of S^~^ x in S^"*^^ 
with constant mean curvature h, such that the group of isometrics contains the group 0{n) x Zm.. 

3.2. Closed and embedded examples with CMC in H^'*'^. In this section we point out that 
the theorems regarding embedding of hypersurfaces of the hyperbolic space proven in [H] and |15j . 
can be extended to the semi riemannian case. 

Theorem 3.5. For any n > 2 and any h > there are examples of the type h2. 1 7|) that represent 
embedded hypersurfaces 0/ S^~^ x R m H^]*^! with constant mean curvature h. Moreover, if h > 1, 
the embedded hypersurfaces admit the group 0{n) x Z in its group of isometrics, where Z is the 
group of integers. 

Theorem 3.6. For any n > 2 and any h > there are examples of the type 112. 16\) that represent 
embedded hypersurfaces of H)!~J x R m tl^^l with constant mean curvature h. Moreover, there 
exists a constant hQ(n) < — 1 that depends of n such that for any h < ho{n), there are embedded 
examples of the type ^2.16\) that induce hypersurfaces with constant mean curvature h o/H^~J x 

Hn+l 
fe-1- 

Remark 3.7. In |15| we provide a way to compute ho{n) numerically. 
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3.3. Closed and embedded examples with CMC in . 

Theorem 3.8. For any h ^ and any c < 0, there exist solutions of the equation f2.5\) such that 
the immersions given in Theorem S2. 2S\) define closed immersions. For k = 1, these immersions 
define complete space like immersions in the Minkowski space. 

Proof. The proof follows the same type of arguments as the previous ones. In this case, since /i / 0, 
the polynomial qs given in (|2.5p satisfies that, 

lim (73 (t) = limgaft) = oo and only has one positive critical point 

t^oo t— ♦O 

Since c < 0, has exactly two positive roots ti{c) < t2{c) and (73 (t) > for values of t > t2{c). 
Therefore, by lemma (|2.2p . there exists an even solution defined in all the real numbers with global 
minimum equal to t2{c). Similar arguments as those in the previous theorems complete the proof 
of the theorem. 

□ 

The same proof for theorem (7.2) in [14] generalizes to the following result, 

Theorem 3.9. For any real number h and any positive c the solutions of i2.6\) are periodic. More- 
over, the immersions given in example /i2.18\} are closed immersions 0/ x R in R^"*"^, and the 
immersions given in example ^2.19\) are closed immersions 0/ H^~^ x R m R^^^- Additionally, 
when h > 0, both types of examples are embedded. 
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